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INVARIANT FINSLER (a, 3)-METRIC F? = 2a8 ON HOMOGENEOUS 
FINSLER SPACES 


RITA HASHEM ABDULLAH AIDAROS AND S.K. NARASIMHA MURTHY 


ABSTRACT. In this paper, we consider invariant Finsler (a,@)-metric F? = 2a8 which 
are induced by Invariant Riemannian metric and invariant vector fields on homogeneous 
spaces, and we give the flag curvature formula of them. Then some conclusions in the case 
of naturally reductive homogeneous spaces, and some examples of geodesically complete 


(a, 3)-metric spaces. 


1. Introduction 


Finsler geometry is an interesting field in differential geometry which has found many 
applications in physics and biology [8]. One of important quantities which can be used for 
characterizing Finsler spaces is flag curvature. The computation of flag curvature, which is a 
generalization of the concept of sectional curvature in Riemannian geometry, is very difficult. 
Therefore finding an explicit formula for computing it can be useful for characterizing Finsler 
spaces. Also it can help us to finding new examples of spaces with some curvature properties. 
Working on a general Finsler space for finding an explicit formula for the flag curvature is very 
computational because of computation in local coordinates. A family of spaces which has 
many applications in physics is homogeneous spaces (in particular, Lie groups) equipped with 
invariant metrics. The study of homogeneous spaces (Lie groups) with invariant Riemannian 
metrics has been a very hot field in last decades (for example see ({1], [11], [16], [23], [24]). 
During recent years, some of these results extended to Finsler spaces in some special cases 


([10], [12], [25],[26)). 
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Invariant Finsler structures on homogeneous manifolds is one of the interesting subjects in 
Finsler geometry which has been studied by some Finsler geometers, during recent years(for 
example see [2], [3], [4], [5], [9]). An important family of Finsler metrics is the family of 
(a, 3)-metrics. These metrics are introduced by M. Matsumoto in 1972 (see[7|). The study 
of Finsler space with (a, 3)-metric was studied by many authors([15], [18], [19]) and it is quite 
old concept, but it is a very important aspects of Finsler geometry and its applications to 
physics. They seek for some non-Riemannian models for space time. For example, by using 
(a, 3)-metrics, G. S. Asanov introduced Finsleroid Finsler spaces and formulated pseudo- 


Finsleroid gravitational field equations (see [6] and [7]). 


Invariant metrics are of these invariant structures. S. Kobayoshi and K. Nomizu studied 
many interesting properties of invariant Riemannian metrics and the existence and properties 


of invariant affine connections on reductive homogeneous spaces (see [1] and [11}). 


Also some curvature properties of invariant Riemannian metrics on Lie groups has stud- 
ied by J. Milnor [14]. So it is important to study invariant Finsler metrics which are a 


generalization of invariant Riemannian metrics. 


Deng and Hou studied invariant Finsler metrics on reductive homogeneous manifolds and 
gave an algebraic description of these metrics and obtained a necessary and sufficient condi- 
tion for a homogeneous manifold to have invariant Finsler metrics (see [10],[12]). Also they 
studied invariant Randers metrics on homogeneous Riemannian manifolds and used this 
structure to construct Berwald space which is neither Riemannian nor locally Minkowskian. 
They gave a formula for the flag curvature of invariant Randers metrics on homogeneous 


manifolds. 


The purpose of the present paper is considered invariant (a, 3) metric F? = 2a6 which are 
induced by invariant Riemannian metrics and invariant vector fields on homogeneous spaces, 
and then we find the explicit formula for the flag curvature of invariant Finsler (a, 3) metric 
F? = 2a on naturally reductive homogeneous manifolds (G/H, g), where the metric induced 
by the invariant Riemannian metric g and an invariant vector field X which is parallel with 
g. Also we study the special cases of naturally reductive spaces and bi-invariant metrics. We 


end the article by giving some examples of geodesically complete (a, 8) metric spaces. 
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2. Preliminaries 
Definition 2.1. ((1], [11]). A homogeneous space G/H of a connected Lie group G is called 
reductive if the following conditions are satisfied: 


(1) In the Lie algebra g of G there exists a subspace m such that g = m+n (direct sum of 


vector subspaces). 


(2) ad(h)m C m, for allh €H, 
where ņ is the subalgebra of g corresponding to the identity component Ho of H and ad(h) 


denotes the adjoint representation of H in g. 
Note that condition (2) implies, 
(3) [n,m] Cm, 
and conversely, if H is connected, then (3) implies (2). 
For example, G/H is reductive in either of the following cases: 


e H is compact, 
e H is connected and semi-simple, 


e H is a discrete subgroup of G;n =0 and m =g. 


Let G/H be a reductive homogeneous manifold with invariant Riemannian metric g which 


the subspace m is the orthogonal complement of ņn with respect to the inner product on g. 


Also let 
V = {X € m/ad(h)X = X,< X,X >< 1,Yh € H}, 


where <, > is the inner product induced by g. Then for any X € V there exist an invariant 


(a, B)- metrics F? = 2a8 on G/H by the following formula : 


(2.1) F?(tH,Y) = 2V/g(xH)(Y,Y)g(tH)(X,Y), 


where g(X,X) <1, Y € T,4G/H and X is the corresponding invariant vector field on G/H 
to X. 
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Let M be a smooth n-dimensional manifold and TM be its tangent bundle. A Finsler 
metric on M is a non-negative function F : TM — R which has the following properties: 
(a) F is smooth on the slit tangent bundle TM? := TM\{0}, 

(b) F(z, Ay) = AF (a, y) for any z— € M,y— € T,M and à > 0, 


(c) the n — xn Hessian matrix 
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lgi; (a, y)] = Sauer!) 


is positive definite at every point (x,y) € TM®. 


For a smooth manifold M suppose that g and b are a Riemannian metric and a 1-form 


respectively as follows: 
(2.2) g = gydi Q dz’, 
(2.3) b = bidr. 


An important family of Finsler metrics is the family of (a, 3)-metrics which is introduced by 


M. Matsumoto (see [8], [16]). (a, 3)-metric F? = 208 can written as the following form : 


a(z,y) = 4/gij(x)y*y?, and 


Bley) = b)i: 


In a natural way, the Riemannian metric g induces an inner product on any cotangent 
space T*M such that < dx'(x),dx/(x) >= g(x). The induced inner product on T*M 
induces a linear isomorphism between T*M and T,,M (for more details see [10]). Then the 


1-form b corresponds to a vector field X on M such that 


(2.5) gly, X(x)) = B(x,y). 


Therefore we can write the (a, 3)-metric F? = 2a as the following : 


(2.6) F°(t,y) = 2a(x,y)g(X (x), y). 
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The Flag curvature, which is a generalization of the concept of sectional curvature in Rie- 
mannian geometry, is one of the fundamental quantities which associates with a Finsler 
space. Flag curvature is computed by the following formula: 


gy(R(U,Y)Y,U) 








oa KPY = SOYU, U) -RYU 
where 
1, J 
(UV) = Gap E Y + sU +tV))lontao 
P = span{U,Y}, 


R(U,Y)Y = VuVyY —-VyVuY — Viuy) 
and V is the chern connection induced by F (see[15},{17]). 


3. Flag curvature of invariant Finsler (a, 3)-metric F? = 2a8 


Curvature properties of (a, 3)-metrics have been studied by various authors ([13], [21], 
[22]). There are several interesting curvatures in Finsler geometry, among them the flag 
curvature is the most important one, which is the natural generalization of sectional curvature 


in Riemannian geometry. 


In this section, we give an explicit formula for the flag curvature of invariant Finsler 
(a, 3)-metrics F? = 2a8, where a is induced by an invariant Riemannian metric g on the 
homogeneous space and the Chern connection of F coincides to the Levi-Civita connection 


of g. 


Let G be a compact Lie group, H a closed subgroup, g and 7 are the Lie algebras of G 
and H respectively. Suppose that go is a bi-invariant Riemannian metric on G, then the 
tangent space of the homogeneous space G/H is given by the orthogonal compliment m of n 
in g with respect to go. Each invariant metric g on G/H is determined by its restriction to 
m. The arising Ady-invariant inner product from g on m can extend to an Ady -invariant 
inner product on g by taking go for the components in 7. In this way the invariant metric 
g on G/H determines a unique left invariant metric on G that we also denote by g. The 


values of go and g at the identity are inner products on g and we determine them by (.,.)o 
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and (.,.) respectively. The inner product (.,.) determines a positive definite endomorphism 


@ of g such that (X,Y) = (X,Y Jo for all X,Y € g. 


Definition 3.2. ((1]). A homogeneous manifold M = G/H with a G-invariant indefinite 
Riemannian metric g is said to be naturally reductive if it admits an ad(H)-invariant de- 


composition g = n+ m satisfying the condition 
B(X,[Z, Y]m) + BUZ, X]m, Y) = 0 for X,Y,Z E€ m, 
where B is the bilinear form on m induced by g and |,|m is the projection to m with respect 
to the decomposition g =n +m. 
We use the following formula which has shown by T.puttmann in [24]. 


Lemma 3.1. The curvature tensor of the invariant metric < .,. > on the compact homoge- 


neous space G/H is given by 
< R(X,Y)Z,W > = {5(< B_(X,Y),[Z,W] >o + < [X,Y], B_(Z,W) >o) + 
+7(< |X, W], IY, Z]m > — < [X, Z],[Y,W]m > 
—2 < [X,Y], [Z,W]m >) + (< Bu(X,W), od BAY, Z) >o 
— < By(X, Z),d-'BY(Y,W) >o)}, 
where B, and B_ are defined by 


By(X,Y) = 1/2([X, oY] + [Y, oX]), 





B_(X,Y) = 1/2((6X,¥] + [X, 6Y]), 
and |.,.Jm is the projection of |.,.] to m. 


Theorem 3.1. Let G/H be a homogeneous manifold with invariant Riemannian metric g 


and F be an invariant(a, 6)-metrics of type 2a6 defined by the ad(H)-invariant vector X, 
(3.1) F?(#H,Y) = 2y/g(eH)(Y,Y )g(eH)(X,Y), 
where g(X,X) < 1, Y € T,yG/H and X is the corresponding invariant vector field on 


G/H to X. Also suppose that the vector field X is parallel with respect to g and (G/H, g) is 


naturally reductive. 
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Then the flag curvature of the flag (P,Y) in Ty(G/H) is given by 











(3.2) K(P,Y) = a 
where 
A = ACEDA) + 90, ¥)9(0, X) ~ BATTED + UY ola X) 
B = 29f¥,X)(g(U,D)g¥,X) + 29(U,Y)g(U, X) - LEED, 
and 
C = 5 (9° (Y, Y)9°(U, X) — 2g(Y, Y )g(U, X)g(U, Y )g(Y, X) + g°(U, Y )g° (Y, X)), 


where U is any vector in P such that span {Y,U} = P anda in A is defined by 
1 
(3.3) a= rice lU, Y ]m]m + [Y, [U, ai 


Note that [,|m and |,]y are the projections of |,| to m and ņ, respectively, and we assume 


that U is orthogonal to Y with respect to g. 


Proof. Let X is parallel with respect to g, therefore F is of Berwald type. Also the Chern 
connection of F and the Riemannian connection of g coincide (See [15] page 305), therefore 


we have 
(3.4) R'(U,V)W = RI(U,V)W, 


where R” and R9 are the curvature tensors of F and g respectively.(Now let R := R = R9). 
Notice g is naturally reductive, thus by using proposition 3.4 proved by S. Kobayashi and 
K. Nomizu of [1|(page 202)we have 


R((U,V)W)o = 3U, [V Wham = IV; U, Ween 


Ale 


—5llv. V)m1W]m — [[U,V]n,W] for U,V,W €m. 
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Then 
R((U,Y)Y)o = FIULY, ¥ |mlm — FY [U, Y ]m]m 
—S(U, Y lm; Y |m — IIU, Y], Y] 
= J U, YImlm + Y; [UY] 
On other hand, 
7 gy (RU, Y)Y,U) 
(35) MEY) = Tv V)ov0)— 00)’ 
where 
18 5 acs 
gy(U,V) = rl (Y + sU +tV)}|,-t=0. 
= + Paiva +sU +tV,Y + sU +tV)g(X,Y + sU + tV)}.-t-0- 


By a direct computation we get 





7 1 _ GUY )GVX)GVY) | 
gy(U, V) = a 9 AEIR g(Y,Y) i 
(3.6) +9(V,Y)g(U, X)}, 


(3-7)gy(Y,Y) = 2vg(Y,Y)g(Y, X), 


(3.8) gy (Y, Y) = 2vg(Y,Y)g(Y, X), 
1 











gy(U,U) = {g(U,U)g(Y, X) + 29(U, Y )g(U, X) 

g9(Y,Y) 
g(U, Y Joly, X)g(U, Y) 

ee IE 
1 

10y (Y, = Y,Y)g(U, X) — g(U,Y)g(Y, X)}, 

(3.10) (Y, U) ayy )g(U, X) — g(U,Y)g(¥, X)} 

and 


gy (RONUY)Y, U) = gy (a, U), 


where 
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Combing the above formulas with the equation (3.5), then completes the proof. 


Corollary 3.1. In a special case we can assume a Lie group G as a reductive homogeneous 
space with H = e,n = 0 and m = g, then our formula for the flag curvature is simpler 


because in this case we have a= 3|Y,|U,Y]]. 


i 
Theorem 3.2. Let G, H,g,,9,90 and @ be as above. Assume that X is an invariant vector 
field on G/H which is parallel with respect to g and \/9(X,X) <1 and X := Xy. Suppose 
that F? = 2aß is the (a, B)- metric induced by g and X. Assume that (P,Y) is a flag in 
Ty(G/H) such that {Y,U} is an orthonormal basis of P with respect to < .,. >. Then the 
flag curvature of the flag (P, Y) in Ty(G/H) is given by 


y< Y, X >+a<U,Y > 


3.12 K(P,Y) = 
p PX) 2< Y, X > +a? ' 





where 





a 2 AUTES, 
= —1(< [60,Y] + [U, 9Y], IY, X] >o + < [UY], [oY X] + [Y, 6X] >o) 

-F < [YUL IY, X]m > -5 < WAX] + [X,U], OU OY) >o 
(3.13) +5 < (U, 9Y] + [Y; 0U], oY, 6X] + [X, 8Y) >o, 
a 

a> a RUTO 

= -$ < [$U,Y] + [U, 4Y], IY, U] >o 
-$ < [KUL YU > — < [U, 4U], 61%, 6Y) >o + 

(3.14) + smeri + [¥, dU], OY, dU] + [U, n: 


Proof. Let X is parallel with respect to g, and therefore the Chern connection of F 
coincides on the Levi-Civita connection of g (see[8]). So the Finsler metric F and the 


Riemannian metric g have the same curvature tensor. 
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By using formula 3.6 and the fact that {Y,U} is an orthonormal basis for P with respect 


to g, we have 

(3.15)gy(R(U,Y)Y,U) =< R(U,Y)Y,U >< Y,X > + < R(U,Y)Y,X >< U,Y >, 
and 

(3.16)  gy(Y,Y)gy(U, U) — 92 (U,Y) =2 < Y, X >? + < R(U,Y)Y, X >°. 


We can obtain the relation (3.13) and (3.14) by using Puttmann’s formula ([24]). 
Substituting the relations (3.15)and (3.16)in the equation (3.5), we complete the proof. 


The above formula for the flag curvature reduces to a simpler equation, stated as following: 


Theorem 3.3. Let G/H be a naturally reductive homogeneous space. Then the flag curvature 
of the flag (P,Y) in Ty(G/H) is given 


< R(U,Y)Y,U >< yx > + < R(U,Y)Y,X >< U,Y > 


3.17 K(P,Y 
ere ae) 2 < Y, XS? + < R(U,Y)Y, X >? ; 





where 


RU,Y)Y = au, U,V malm + [Y;, [U, Yn] 


If the invariant (a, 3)-Metric F? = 2a£ is defined by a bi-invariant Riemannian metric on 
a Lie group then there is a simpler formula for the flag curvature, we give this formula in 


the following theorem. 


Theorem 3.4. Let G be a Lie group, g be a bi-invariant Riemannian metric on G, and X 
be a left invariant vector field on G. Suppose that F? = 2aß is the (a, B)-Metric defined by g 
and X on G such that the Chern connection of F coincides on the Levi-Civita connection of 
g. Then for the flag curvature of the flag P = span{Y,U}, where {Y,U} is an orthonormal 
basis for P with respect to g, we have: 


U,Y],Y,U >< Y,X >4+<[U,Y],Y,X ><U,Y > 
< [U, Y], Y, X >? -8 < Y, X >? l 





(318)  K(P,Y)= Śl 


Proof. Let g is bi-invariant. Therefore we have R(U,Y)Y = —3[[U, Y], Y]. Now by using 
Theorem (3.2) the proof is completed. 
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4. Examples of geodesically complete (a, 3)- metric 


We begin this section with definition, and we give some examples of geodesically complete 


(a, B)-metric F? = 2a. 


Definition 4.3. [28]. The Riemannian manifold (M,g) is said to be homogeneous if the 


group of isometries of M acts transitively on M. 


Theorem 4.5. Let (M, gq) is a homogeneous Riemannian manifold. Suppose that F is (a, 3)- 
metric F? = 2aß of Berwald type defined by g and a 1-form b. Then (M, F) is geodesically 


complete. 


Proof. F is of Berwald type; therefore the Chern connection of F and the Levi-Civita 
connection of g coincide and hence their geodesics coincide. On the other hand (M, g) is 
a homogeneous Riemannian manifold; hence (M, g) is geodesically complete (see [28]page 


185). Therefore (M, F) is geodesically complete. 


Corollary 4.2. Let M is connected; then by using the Hofp-Rinow theorem for Finsler 
manifolds, (M, F) is complete. 


Corollary 4.3. Let G be a Lie group and g be a left invariant Riemannian metric on G. 
And suppose that X is a parallel vector field with respect to the Levi-Civita connection of g 
such that,/g(X, X) <1. Then the (a, 8)-metric F? = 2aß defined by g, X and the relation 
(2.6) is geodesically complete. 


Now we consider an abelian Lie group equipped with a left invariant Riemannian metric. 


We know that this space is flat. In this case we have the following theorem, 


Theorem 4.6. Let G be an abelian Lie group equipped with a left invariant Riemannian 
metric g, and let g be the Lie algebra of G. Suppose that X € g is a left invariant vector 
field with \/g(X, X) < 1. Then the (a, B)-metric F? = 2aß defined by the formula (2.6) is 


a flat geodesically complete locally Minkowskian metric on G. 


Proof. Let U,V,W € g, now by using the Koszul-s formula and the fact that G is abelian 
we have Vy X = 0, for any Y € g. Hence X is parallel with respect to V and F is of 
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Berwald type. Also the curvature tensor R = 0 of g coincides on the curvature tensor of 
F and therefore the flag curvature of F is zero. F is a flat Berwald metric therefore by 


Proposition 10.5.1 (p. 275) of [15], F is locally Minkowskian. 
Example 1. (E(2) group of rigid motions of Euclidean 2-space). We consider the Lie group 


E(2) as follows: 


cos@ —sind a 
(4.1) E(2) = | sind cos@ b| \a,b,0 ERI. 
0 0 1 


The Lie algebra of E(2) is of the form 


00 1 0 0 0 0 —1 0 
(4.2) e(2)= span{zr= |0 0 0|, y=|001], z=]1 0 Off, 
0 0 0 0 0 0 0 0 0 
where 
(4.3) oO. devel ae [zz] = y. 


Let g be the left invariant Riemannian metric induced by the following inner product, 


(4.4)< £,£ >=< yY, y >=< z, z >= X, <T,y>=<y, z >=<z,z>=0, à>0. 


In [27] they showed that the left invariant vector fields which are parallel with respect 
to the Levi-Civita connection of this space are of the form U = uz. Also they proved that 
R=0. Let /< U,U > < 1, in other words let 0 < |u| < 1/(2A). Hence, the left invariant 
(a, 3)-metric F? = 2a8 defined by g and U with formula (2.6) is of Berwald type. Also since 
F is of Berwald type therefore the curvature tensor of F and g coincide and F' is of zero 


constant flag curvature. Hence F is locally Minkowskian. 


Example 2. Another example of flat geodesically complete locally Minkowskian (a, 3)-metric 


F? = 2a is described as follows. Let g = span{x,y,z} be a Lie algebra such that 


(4.5) [z,yJ=ayt+az, ly,z]=2az, |[z,z]=ay+az, aeR. 
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Also consider the inner product described by (4.4) on g. Let G is a Lie group with Lie 

algebra g, and g is the left invariant Riemannian metric induced by the above inner product 
<...> nG. 
A direct computation shows that R = 0, therefore (G,g) is a flat Riemannian manifold. 
Also in [|28] they proved that vector fields which are parallel with respect to the Levi-Civita 
connection of (G, g) are of the form U = uy—uz. Now suppose that V2ļuļà = y< U,U > < 1 
or equivalently let 0 < |u| < 1/V2X. 


Therefore the invariant (a, 3)-metric F? = 2aß defined by g and U is a flat geodesically 


complete locally Minkowskian metric on G. Also if G is connected, (G, F) is complete. 


5. Conclusion 


It is an important problem to compute the geometric quantities such as curvature prop- 
erties of homogeneous spaces. In particular, J.Milnor used the formula of the sectional cur- 
vature of left invariant Riemannian metric on a Lie group to study the curvature properties 


of such spaces. 


In this paper, we considered the explicit formula for the flag curvature of invariant Finsler 
(a, 3)- metric F? = 28 on naturally reductive homogeneous manifolds (G/H, g), where the 
metric induced by the invariant Riemannian metric g and an invariant vector field X which 


is parallel with g. 


Also we study the special cases of naturally reductive spaces and bi-invariant metrics. We 


end the article by giving some examples of geodesically complete (a, 8) metric spaces. 
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